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Last L eckuve

o Arithwelic wmod wt :  numbers are {0,1,...,m}
a=b (Mmdwm) &= m \ (a-6)

o Addebion, subXvadion, W\H\J\Lc;aﬁon WMod wA
O EXPOV\@V\h;aﬁom lzj fe,Pea ted SQuUar vaﬂ
° Jnverse X oFx (Modw\\ : o ox-xX7' = (‘MDo\M\

o X has an tnvese (wmodwr) <= oed (x,m) = |
(o) E‘AL‘A:O(S QBO\/LHAM qc_)f COM‘PM—i’[_\/\j S('d



TM5
® COlMP\KfW\ﬂ wmveves : ektended Euclid
o Chinese Rewainder Theovewn

© Feywmat's Little Tlheovawma

Next Lectwe
o RSA C\/j pfosdstw/\




éuokd! Al jo/dHAWl

Sumction ged (Xlﬂ)
q? Yy= O flew Oui'PtJ'(X)

lassume X7y 20O
& x>0 }

else outpl” (gwu\j,xwtmhﬁ\>

4ed (35, 12) qcd (72, 45)
= ged(12, M) = gad (45, 27)
= gcd (> 1) = gcd (2%, 18)
= 94 (1,0) = gud (13, 9)
Gan 4 gad (3, 0)
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Co mpufmf, wjerses

C Ve PDSiH\le le’?.ae,fs X,\j , SV\PPOSE’. we CDM,M COV\APM'Z

antegens a b suds tuat

Ged (Xiﬂ)

NOT a wiodulav

= QaX + \:j < eC(VtaHISVl ]

Thew {F gw\(x.j\ =1 we gk
X + \:3 = |

and Whewce

So

bj':'|

(wod x)

b

—
—

j“ (wmod x)

[ avd &= X (od ) |




éxl'evw‘ed, Eudidecn Algol Ham

jtmvw('iow e -ged (1Y)
&F 350 HLewr \/eh,u/n(x,l,m

e\se
(0\,&,))) = e—ﬂd(j) X M‘j\

vetuvn (o, A, R)

What should A ¥ B be ?
Know: d= ay+ d(x mdy) (1)
\A/GWT= A = Ax + 33 (2\

Fom (1): d = ay+b (x-ykxdvy))

= Ex +|(Q.—(Xdi.\/‘~j)\)23
A B
B-= A - kdwy) b

So set [A=b

?




fum‘oﬁ'ovx e -ged (1Y)
'\.F 350 ALev \/eham(x,l,m

e\se
(A,a,5) = €—qek(y, x mody)
vetuvin (ol, b, a- (xdwﬁ) 5) 127!
| =(-\).35+3.12
= L12+€E0. ()
| = O M+ 1|
| = .l +O.0

Covvedness % mmﬂtv‘me amwsis as fov bosic ged akj,



fmv\‘oﬁovx e -ged (1Y)
'\.F j-’—O ALev \/el'um(x,\,m

e\se
(0\,01,))) = 8_.3(.6((3, X W\DA‘jX

etun (d, b a- (xdiry) b)

0=1.35+(3).10

5=0.10+|.5

S=15+00



Chirese Remainder Theovenn
Mebhod Hov solvtvg systews oP wodula v equatuors

B | B ) 23N ) PREY
\&\W%\WW&RN%
| 3 | OB 2 | Bon sy

St > Cemr v
3 ‘ 5
2

Sunzi Suanjing
3rd-5th century

Qevxem\&lj : X = a, (wmodn, \‘ & gcd (,,n)=
X = G, (W\Do\ \/\z)

Goal @ solve fov x (wwod v,n,)

Theoram [CRT]: Theve 4is a unigue X (wmedh V\V\,_)
fhak” safisfies the above eQuations




Theorom [CRT]: Provided gcdk (M, )=\ thew s a
uniue x (wod nN,) Aat- sahisfRes

X = Qq, (Wod A X = Q, (W‘D”\V\l) (ﬂ
PYﬂ)‘I: SAppose we can covstvnd vumbers U, , UL S

u | (\MDOl AI) o = O (M ’\c\
T {O (wod 0 ) "{l (wed v1, )

lhen X= au, +a,u, satishes (*) |
TO CDV\StVUCf M\ . u‘:z V\Z— (r\’z.\ \M,d’/\\\
Sivmi\a/\j fof U - U= W, (A:\ mod \/\L) /

Uniueness ¢
Sp. X,y ave Z solufows of ()
Ther x=y (Wmodn,) omd x =y (wod n,)

So N |G-Y) ank g | (x-w)
= g |(-v) (sine ged(n,ne)=() => x=y (wak

\iy
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CRT? &B\/leml, \/&/va/L
Let N, Ny, .., N be wP\/iW\e. (re., gcd(v\;,n')zl \f{.ﬁ)
Let N = fl" V; .
Then there 1s a wniQue x (wmod N) that sahsfies
X = a, (mod N,

Xéak (wiod M )

beoff Same as bc(o./e,
Defve u; : ( ) (wmad v )>

k

Then x = S a.u; 4s the solution (mak f\/)

APP\‘C“T‘OV‘S If we're WO(kWﬁ mod N, We @an wstead
Au work. wod n,  fov eada , keepivey tre mumbes svall !




- Bample: x=2 (wds) o}
= 3 (wed?) A= S5xAxt =385
xeS(wN)}
fffff;#%(%\ ' wd ) = FFH(FF  wmods)
= FF (2 medB) = 17323
e = A4 wodn,) = 55(s57 wed ?) = S5 =B30
= M (B wed ay) = 35(357 wed ) = 35,4 =[210
o X=awra W tagl,
= (2x230)+ (3<330) + (Bx200)
= 462+ 9% + 8%




Fes mat s Little Theovewn - Computng wikh
eypovievts

For any P\ff.\ME, P,
ap‘-\ = | (WlOdP) Vaé {\>2>'-‘>P’\}

CO(ouawj: For any in\e P,
af = o (modp) Vae {0, —,p17




‘/l/leo(m ! ﬁ?f any P\f‘L\M& P,
ap-\ = | (WlodP) Vaé 2\>Z>--—>P’\}

PQF: Covsider tre vumbers 10, a, 2a, ---,(p-Da | mal p
Last Iﬁd'we: hese iumbers ave all O_\L][Feﬂt SO
Wey cover {0\, .- P»IQI

Hence tlhe sets S:{),Z,...,P-I}
S'— {q‘za,,.-(ya\)a \MDO\P‘S éx: g:c’;

ave the sawe set |

B (TDx)madp = 1x2x- x(p-0) = (p)! o
avd(T\‘,X) wadp = axlax-—xg-Na =(p-N'a™" (malp

Stne (p—1)! has an savevse (wod p) , we corclde o'z | (welp)




5UL[€’A//S Totleit Fundhon

For posibve nteger n, [et Z deno® The
sel o{ m{‘tgers X wodn s uch thdl gw\()‘ n)=

Defwe (n) = |2, (Euler’s Tohent fanchion)

Euler's Theovam : o any a € Z o = (wed )



EM\er s Theovam - for an o € Z,,*, OL(-()(m =1 (wed n)

Nofg - Fermat's Little Theovamn 1s a Speccal case
(When W 4% prime)

?'_OOF © Similav 1o proof of FLT

for a€ Z,. wnsiderthe set Si={ox wod n : xeZ |

CM These numbevs ave all different and dl atin j;

ence S 5 the same as e st Z, Y

Twws TVUx = 7T X (mod n)

XGZ'\* X€ES

= c(’(v\)‘]"l";E X (V\MA (/\)

S QW) xeZy
o @ = | (\MM\ V\)




EM\er s Theovam - for an o € Z,,*, OL(-()(V0 =1 (wed n)

Nofg - Ferwat’s Little Theoveur 4s a Speccal case
(When n a5 prme)

1o o | L
30 o 3 50
?o o 3 cf. 2
4 o

90 o9 5 o
x3 (mod 10) 6 o



%
FDT GEZV\*, consider the set Siz {O.X wod N : XEZV\I]
CM : These numbevs ave all o\"»(-)ee/evf[/ and dll ar j;

Hoof of Clatm - Suppose fov X flak  ax =ay madn

for Sowme x,géZf with x+ Y

Then n ‘(O\X'a\:ﬁ, re., n)a(x«g)
But ac Z,,,* so gcd(a,n) =
Hene nf-y) , so x=Y (wodn) X

AlSO, AAX Q/Loo\ /13 E Z; because a, X EZ:
so gcd (ax, n) = | O







